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Let f- (fr . . . . fat : Amu - > Atha
have only isolated zeros

⇐ ) (fi , . . ,fn ) is a complete
intersection

Eal : Find a simple algebraic
formula for the A '

- degree of f

Definition of deg
# '

f :

Need Morel 's A '
- degree

dega
'
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- = ( Cx , y )→ a×y
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Det :( Kass - Wichelgreu ) '
- Let

x be an isolated zero of

f : Ahn -3AM,
Find a Zariski hbhd U of x
St f

- 1101 n U -- Ext

deg't
'

p: . .
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= : deg#
'

f local A '
- degree
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Different formulas for the A '
- degree

• Cazanave : global formula for
the Al - degree of a map

IP ' -sp '

( Be
-

zoutian )

• Kass - Wichelgren : formula for

local At ' - degree for K - points
( EKL - form )

• Brazelton - Burklund - McKean - Montoro -
local

Opie : formula for VA '
- degree

for IX a zero with kcx)

separable over K

• Brazelton - McKean - P
.

:

formula for deg
# '

f without

any restrictions on the residue

fields of the zeros



Caza have 's formula for the

Al ' - degree of f= ( fo :f. ) : P
'
- SIP '

x -- ¥
.

, y - ¥:
BEE : =

fnlxlfoly) - fecy ) fo Ix)

Ty
= E Bij xiys c- Kay ]

Bij ) is the gram matrix of

a non - degenerate symmetric bilinear

form

the ( Caza navel

deg #
'

f = [ ( Bijl ] c- Glock )

EI : fo -- 2x f , =x2 - yl

BEz=
- t ) - 24 - 42-11 - 2x

#
=2xyt2

Bij - ( 88 )
→ a 2>+223--21 > TL 17 GGWCU)



Scheja - Storch duality for

complete intersections Lfa , . . ,fnlEkExn . - in]

• 2 Endo functors

F : Algtf → Algfi?
A 1-> AQA

G : Alytus -s A- Igf - s .

A t) Homklltomaltyhl , Al

X : I =3 G

XA : A A → Hand Howatt,kl ,Al

la ④ b t) ( ft > ela ) - b)
• kerfkcx . . . . ,xnIxq kex. . . . ,xn3H→ KG

. . . . ,xn ) )
11

KIX
. . . . ,Xa,Y. . . - , Ya ]

is generated by Xj - Yj

write fi ( X, .
. . ,Xhl - filk .

. . , Kl
= .fi, bij ( Xj - Yj )

bijekfx. . . .,Xn Me. . - Mn)



Q : = kcxn.mx# and
(fair - ith )

let
g : kcxr , . . ,xn ) → Q be

the quotient map .

D := (det bij) E Q Q

theorem ( Sahaja - Storch )
1) S is independent of the choice

of bij . a. y = ela
- - )

2) Xqls) : Homie ( Q ,
d)→Q

defines an isomorphism of Q - modules

3) D= ICS)

e : QXOQ → Q④Q
a ④ b 1-3 b④ a

core : OI : QXQ → K

Ca
,
b) t(XqsD

- '
ca) lb)

is a non - degenerate symmetric
bilinear form .



Claim : The class COIT of It
in Gooch ) is the A '

- degree
f (far . ,fn ) : AIT - s Atk
Pt : Let me ,

. .

, me be the

maximal ideals corresponding to the
zeros of f .

Q -
i Qmi

and I - ⑦ OII where Ii is
the non - deg symn bilinear form on

Qmi constructed in the exact

same way .

Now the claim follows from

theorem ( Bachmann - Wicaelgren )

deg #if = COI ;] in Gwlhl



Formula for OI :

There is a multivariate version of
the Berzovtion

.

Let

pig , >
filth . . . . . Yi- i.Xii . .sk/-filYn--iYiiXitirniXn)
-

X ;
- y ;

c- kfxn , . . ,Xn , Ya , . . , Ya ]
Let Bert be the image of def Dii
in a # Q la ' )
choose a K - VS basis ay , . - - i am

for Q . xi yi
BEE - III. , Bij ai ④ aj

theorem (Brazelton - McKean - P
.
)

Assume f -- ffn . . . ,fn ) : Aha - > Athy
has only isolated zeros .



Then (Bij ) is the Gram matrix
wrt basis an . .

- 1am

for a non - deg symm bilinear form

representing desk 't in Gullet .

KEN
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.
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, % . _

, %]

fills ,
- - int - fi / % ,

_ . / Ya /
= £ sij ( ✗j - Yj )
5=1

Observation : Can choose Dij=Aij
( telescoping sow )

PEP ( detsij ) =D = BEE

Let a :* c- How! Q , K )

St ai*( a ;) = Sii



OI : Q x Q -s k

(c id l t) Hals) )
- ' (c) Cd )

Xals) Cain = II, ai-Cail bi -- biw

Homa IQ
,
ht-3 Q

y t) Seca il bi
m ay ,

. . ,
am basis

A-- E ai ④ bi
F- i

w for Q
m

s Bijaj
F- I

so Hals ))
- tf bi ) -- ait

so OI l bi , ai
) -- fxacsllntlbillajl
&

= ai.la ;)
11

§
,

Bis Elas , aj )
= fij



So (Bijli;
'

= lotlaiiajli ,
T

Gram matrix of
of writ basis

An c -
-

g
dm

In Gluck) [ ( Bi ;D =L I

< as = stars in fwlh )

D



Example : p an odd prime

K -- Fp Ct)

f- = Cf , ,fz ) : Ah -safe
11

(xp - t
, Xexz )

s ,,=×tyt ) s,z=YiHXz- Yz
= O

filth . . . . , yj-i.Xir.sk/-filYn--iYiiXitn-niXn)si ;-
X ;

- Yi

Sz ,
=
4×2-42×2 Azz -91×2

- Yay
,A-
-

Xr - Yy Xz -92

= Xz I Yy

Biz -- deff "n
"

y
! )

= y, Xp
- '

type,Pit . . - t y?
- '

ax, ty
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"

→ Lts t PI le ist C- I > D

C- GWU )



Let 's use this in the setting of
A '
- enumerative geometry :

Kass- wicleelgren :

X = smooth t proper A- variety
of dim n

p .- V-SX ra n VB that is

relatively oriented

by p : ( def TXT ' ④ def V L④2

where d -ox a line bundle

Let do :X-SV be a section with

only isolated zeros .

Det ( Kass- Wichelgren ) around x andtrivialization of
IH '

- Eater number "

cowpjtisleh with p

n
't ' CV

, g ) : - E deg#
'

(Gg )
X : 841=0

C- GWU )

By Bachmann - wicket gren this is



independent of 8
.

Eel Kass- Uichelgren ) :
arithmetic count of lines on a

cubic surface

n
H' ( Syms SV → Gru , 4 ) )

= 15521> t 12 s - I > c- qwca )

At '- Euler character ic :

X smooth proper le- variety
X #

'

CX ) : -- htt
' ( TX ) e 9Wh )

Let X -- IP: .
1-dim subspace

Ket l be a toe in htt ' though
od re les e IP'd

They = Howell
,
k I



So 80 , .
- - 16h C- KCXO , -

- , XNTI
define a section 8 of TIX

• ( CET ) = ( e Bnlekhti → a

y
choose : Go = - Xn

Gy = - Xo

÷
Xek×

Gn = - Xin - l X

Ata -- a. e Phu
mode -- ¥:?)

Glu
.

trivial es to

Guo ( xn , . .
. ,xn ) - ( Gala , xp . . . ,xn )

- X
, 8011in . .int

,

I

:

6h11 , Xi , . . ,xnI - XB of- ))
= C- ltxnxn ,

-Xntxzxn , . . -

,
- Xu , txn )



and X #
'
l IPL I = deg H

' (Guo )
-

Bea .-detsii -- det

÷ !!!!!
= Y, t Xnnyz txnyz t .

.
.

t Xin
- '

ya
t Xa

"

= Yy t Xu y z t Xh - i Yz t Xh-ayy t . . . txzyntx,

so Bii
-
- (
a

?
.

.

-

o

'

"

)
÷



⇒ X#
'

(pyI={ ht
' K' ' te - ton odd

hzklstc- is ) h even

+ Li >

For a hypersurface X you would

need "

Nisnevich coordinates
" around

your zeros .

x E 6-1 ( o )
EX

Need Zariski open nbhd U of X

t e' tale map 4 : U→ Ata
est Y induces an isomorphism on

KCA


